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Introduction

PACECRAFT formation flying is a powerful technology envi-

sioned for many future space science missions such as virtual
platforms for Earth observations and clusters for magnetospheric
exploration and enhanced stellar optical interferometers.!:? To de-
scribe a relative motion between the deputy and the chief, two co-
ordinate sets are traditionally utilized. A common choice is to use
the local-vertical-local-horizontal (LVLH) coordinate frame, and
the six Cartesian initial conditions are the invariant parameters of
a relative orbit. An alternate set of six invariant parameters utilized
to describe the relative orbit is the classical orbit element differ-
ences between the deputy and the chief. Because unperturbed clas-
sical orbit element differences between the deputy and the chief,
that is, the differences between the semimajor axis, eccentricity,
inclination, right ascension of the ascending node, argument of
perigee, and initial mean anomaly of the deputy and that of the
chief, are constant and can be compared to their nominal values
at any time, it is more convenient to describe the relative orbit in
terms of classical orbit element differences than to do that in terms
of local Cartesian initial conditions. Schaub presented a general es-
timation method for the linearized relative orbit geometry of space-
craft formations about a circular or an elliptic reference orbit,® and
the relative orbit is described purely through orbit element differ-
ences between the chief and the deputy. Several relative orbit control
laws of which the feedback variables are orbit element differences
have been explored in the last several years.*~® Thus, the problem
of how to determine orbit element differences using relative mo-
tion states and orbit elements of the chief is a key problem to be
solved. Several researchers have investigated the problem in the last
several years. Alfriend et al. proposed a linearized mapping that
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maps the Cartesian position and velocity coordinates in the LVLH
coordinate frame to the classical orbit element differences.” Gim
and Alfriend expanded this work and presented a state transition
matrix for relative motion when the reference orbit is elliptic and
both satellites are subjected to the J, perturbation.® By the use of
various celestial mechanics properties, Schaub and Alfriend pre-
sented a direct approach that maps the orbit element differences to
the local Cartesian position and velocity coordinates and designed
a hybrid feedback control law in terms of both the local Carte-
sian position and velocity coordinates and the desired orbit element
differences.’

This paper presents a novel approach that maps local Cartesian
position coordinates of N (N > 4) points on a relative orbit to classi-
cal orbit element differences between the deputy and the chief. The
only assumption made here is that N (N > 4) measurements of the
deputy’s relative position and the chief’s orbit elements are given.
The main difference between this approach and the aforementioned
methods is that this approach does not need local Cartesian velocity
information, that is, this approach can be utilized to determinate the
classical orbit element differences between the deputy and the chief
with only relative position information.

Relationship Between Relative Orbit
and Orbit Elements of Deputy Spacecraft

To study the relative motion between the deputy and the chief,
two coordinate frames are shown in Fig. 1. Here, O, X,.Y.Z, is
the Earth-centered inertial (ECI) coordinate frame. Oxyz is the
LVLH coordinate frame with the origin O at the mass center of
the chief satellite (the chief in Fig. 1). Axis Ox points radially
outward from the Earth’s center. Axis Oy is in the in-track di-
rection along increasing true anomaly. This right-handed coordi-
nate frame is completed with axis Oz pointing in the cross-track
direction.

The reference orbit in the ECI coordinate frame is represented by
a,ey, iy, 2, wy, and Mo, which correspond to the semimajor axis,
eccentricity, inclination, right ascension of the ascending node, ar-
gument of perigee, and initial mean anomaly of the reference orbit.
The transform matrix from O,X,Y,.Z, to Oxyz can be represented
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Fig. 1 ECI and LVLH coordinate systems.
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as
Ui = R;(u)R(i1)R5(£2) (D)
where

cos(-) sin(-) O
R;(-) = | —sin(-) cos(-) O
0 0 1

uy =w + fi,

1 0 0
Ri()=|0 cos() sin(:)
0 —sin(-) cos(+)

and f) is the true anomaly of the chief.
Substitute R3(u;), Ry (i1), and R3(€2,) into Eq. (1):

CcOs 2] cosu; — cosiy sin 2; sinu;
U, = | —cos 2 sinu; — cos iy sin 21 cos u;

sinil Sian

The companion orbit in the ECI coordinate frame is represented
by a, ey, iz, 22, wy, and My, which correspond to the semimajor
axis, eccentricity, inclination, right ascension of the ascending node,
argument of perigee, and initial mean anomaly of the companion
orbit. Let [x.; Y1 Ze1]” and [x,2 Yer ze2]” be the position coor-
dinates of the chief and the deputy in the ECI coordinate frame,
respectively, and let [x y z]” be the position coordinates of the
deputy in the LVLH coordinate frame Oxyz. Then the equation of
relative kinematics is

X Xe2 Tel
y = UI Ye2 | — 0 (3)
z Ze 0
where
Xe2 cos(w, + f>) cos 2, — cos iy sin(w; + f>) sin 2,
Yeo | =rer | cos(wy + f>) sin 2y — cosiy sin(ws + f>) cos 2,
Ze sini, sin(w, + f>)

P ) 2 2 -
Fei = Xei+yfi+zei’ i=1 or 2

The orbital coordinate frame O,x’y’z’is shown in Fig. 2. Axis
O.x" points radially toward the perigee of the deputy. Axis
0.7’ is aligned with the angular momentum vector of the chief.
This right-handed coordinate frame is completed with axis O,y.
Let [x' y' z/]T be the position coordinates of the deputy in

73! N,

0,x'y'z’. The transform matrix from O.X.Y.Z, to O.x'y’z" is
U> = R3(@2)R (i2)R3(£2;), namely,

cos £2, COS w, — €OS i, sin 2, sin w,
U, = | —cos 2, sinw, — cos i, sin 2, cos w,

sin i, sin £2,

From Eq. (4), we have

Xe2
Y =Ux|ve (5)
7' Zen

[(x’ - aez)z/az] + [y’z/az(l - e%)] =1 (6)

Ze

y
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Fig. 2 Orbital coordinate system O.x’y’z’.

sin 2, Cos w, + €0os i, cos £2, Sin w,

sin 2 cosu; + cosijcos 2y sinu;  sini;sinu;
—sin Q2 sinu; + cosi; cos 2y cosu; sini;cosu 2)
—sini; cos £2; cos iy
=0 @)

Consider Egs. (5) and (7); we can obtain

®)

tan i, sin 2,
I e |
y B —ol|sinw,

O = X COS 2 + Voo Sin Q)

tan i, cos $2,
Ze2 = [yd _Xez]

where

B = —X,2 €081 8In 2y + Y2 COSip OS2y + 2o 8iniy  (10)

From Eq. (6)
(4% [a* =1 =[(x?/a* —2)(2x Ja)l]e (11)

where e = [e2(e; — e3)e3]T.
Because z,, =r,; sin(w; + f>) sin(i;), we can obtain the eccen-
tric anomaly of the deputy E,, that is,

E, = 2arctan {‘/(1 —e)/(1+e)

X tan [% arcsin(z,, /7, Sinip) — %a)z]} (12)

sin i, sin w,

—sin 2, sinu, + cosi; cos 2, cosw,  sini; cos w, 4

—sini, cos 2, coS iy

Let [X.20 Ye20 Ze20]” be the initial position coordinates of the chief
in the ECI coordinate frame, and let £y and E,, be the eccentric
anomalies of the chief and the deputy, respectively. It is assumed
that £ is given. Then from Eq. (12), we can obtain

Ey = 2arctan{ (1 —=e)/(1+4+e2)

X tan [% arcsin (z,00/Fe20 Sinin) — %wz]} (13)
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Moreover, the mean anomaly of the deputy is
My = E — e sin(E) (14)

In the next section, we present an approach that obtains the esti-
mation or calculated values of €2,, 75, e,, and My from Egs. (8), (10),
(11), and (13) with the value of w,, relative position coordinates of
N (N > 4) difterent points on a relative orbit, and orbit elements of
the chief.

Least-Squares Estimation of Q,, i,, e, and My,

It is assumed that the argument of perigee of the deputy orbit
w,, orbit elements of the chief, and relative position coordinates of
N (N > 4) different points on the relative orbit are given. Because
an arbitrary set of points in the LVLH coordinate frame may be not
on a same Keplerian elliptical orbit, we employ the least-squares
estimation method to estimate €2, i», and e,, and then calculate the
deputy’s initial mean anomaly.

Let xor = [xox Yor zoxl', k=1,2,..., N, be the measurement
values of the relative position coordinates of N (N >4) different
points on the relative orbit, and let the corresponding radius relative
to the Earth of the reference orbit be ., k=1,2,..., N. Then
the corresponding position coordinates of the N (N > 4) different
points in the ECI coordinate frame can be represented as

Xe2k Xok Felk
Y | =UL | [y [ +] O . k=1,2,...,N (15
Ze2k Z0k 0

where

cos 21 cos(wy + fix) — cosiy sin 2 sin(w; + fix)

sin 2 cos(w; + fix) + cosiy cos 2 sin(w; + fix)

From Egs. (9) and (11), the estimation value of the eccentricity
of the deputy orbit is

é, =+/eé(1) (19)
where
e=X"Y)'Yz=[e(1) e2) eé@3)]" (20)
[ ' 2x; ]
-2 — 1
a a
% -2 2_x£ 1
Y=| 4 a 21
My, By
L a2 a dNx3
P e A ot A DTN e b
a? a? a? IxN
(22)

b I B COs wy
|:)’/::| - |:,3k —aki| [Sinwz] (23)

QU = Xeok COS $23 + Yeor SIN €2,
Br = —Xeox €OS iy 8IN 2 + Yeor COSin €OS 27 + 2,94 SIN I

(k=1,2,---,N) (24

siniy sin(w; + fix)

U= | —cos Q sin(w; + fix) — cosiysinQ cos(w; + fix) —sin 2 sin(w; + fix) + cosij cos 2y cos(w; + fix) sinijcos(w; + fix)

sini; sin

and fj; is the chief’s true anomaly corresponding to 7.
Let #,; be the time corresponding to 7,1, which satisfies

tie = /@ /u(Ey — eysin Ey, — M), =0 16)

where p is the gravitational constant of the Earth and Ey; is the
eccentric anomaly corresponding to 7,1, which satisfies

Ey =2arctan [\/(1 —e))/(1 + e tan(fy/2)]  (17)

From Eq. (9), the estimation values of the right ascension of the
ascending node €2, and the inclination i, of the deputy are

flz = arctan(t,/t;)
fz = arctan(t, /cos sz) (18)

where

t= [ﬂ = ATA)'ATh

2

Ye21 —Xe21 Ze21

Ye22  —Xe22 Ze22
A= s b=

YeoN  —Xe2N Ze2N

Here, ﬁz, fz, t;, and t, are the estimation values of 25, i,
(tani, cos €2,), and (tan i, sin €2,), respectively.

—sini; cos £, COS 1

Furthermore, the estimation value of M, is

Mzo = Ezo — & Sin(ézo) (25)
where
Ezo = 2 arctan {\/m
X tan [% arcsin(z,0/re0 Sin ih) — %@2]} (26)

Searching Algorithm for Argument of Perigee of Deputy

From Egs. (18), (19), and (25), the estimation or calculated val-
ues of €2, iy, ey, and My, are obtained on the assumption that
w, is known, and from Eq. (23) we can see that the error of w,
causes the errors of the estimation value &, and the calculated value
Myg. Furthermore, we can calculated the relative position coor-
dinates using a, &, i», $25, Ma, and the guess value of w,, and
then we can conclude that the difference between the guess and ac-
tual values of w, causes the difference between the calculated and
measurement relative position coordinates. Thus, to minimize the
difference between the calculated and measurement relative posi-
tion coordinates, we can search the value of w; in a neighborhood
of w;.

Let gqor = [uor vor worl”, k=1,2,..., N, be calculated values
of the relative position coordinates corresponding to a search-
ing value of w,. From Eq. (18), €2, and i, can be obtained us-
ing the measurement relative position values xo, k=1,2,..., N.
Let wy; be a searching value of w,, and then from Egs. (19)
and (25), we can obtain ¢,y and My, which are the estima-
tion values of the eccentricity and the initial mean anomaly, re-
spectively. Furthermore, go; can be obtained using the following
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equations:

Uk A2
v a(1-¢;)
Ok = ~
1+ €y COS ka
Wok

cos(wzy + far) cos Qz — cosip sin(wy + fo) sin fzz
Ui | cos(wyf + for) sin €2y — cos i, sin ((l)zf + f2k2) cos 2,
sin i) sin(a)gf + ka)

Felk

-1 0 27)

I W=, Wp=w,tdwyy m=1 I

| =W -25gN(W2-wop )@y, | Won=Wop
W= +SEN(W)-wan )dwys
&=8(wap, 03p)

Fig. 3 Flow process chart of searching algorithm of w.
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fo = 2arctan [/(1 4 é2p) /(1 — é3) tan(E /2) ] (28)
Eo — ey sin Eop = Moy (29)
My =/ iu/a®(ty + MZOf) (30)

where fo, Eo, and My, are the deputy’s calculated true, eccentric,
and mean anomalies and #,; is the corresponding time that satisfies
tix = ty. Define the evaluation function of w,; as

N N
felwry) = Z [ xoc — qox ||z = Z [ Cror — o)’
=1

k=1

+ ok — vor)” + CGor — woe)?] 31

From Eq. (31), f£(w>s) describes the magnitude of the difference
between the calculated and measurement relative position coordi-
nates. We can see that f(w,y) is smaller, and the guess value of
the deputy’s argument of perigee w; is closer to its actual value.

Let wy 1 and w; s> be two different searching values of w, in the
searching process, and let w3 be the searching result of w,. Moreover,
let L and dw, s be the maximal iterative times and step length of the
algorithm, respectively, and let m denote the iterative times. Define
the iterative process function g as

| fE(w2p2) — fE(w2p1)]
fE(wzfl)

g(wapa, wap)) = (32)

and suppose thatif m > L or g(wz 1, wy52) < g the iterative process
terminates. The flow process chart of the algorithm is shown in
Fig. 3, where sgn(-) is the symbolic function, that is,

) 1 x>0
sgn(x) =
& —1x<0
Let the eccentricity, inclination, right ascension of the ascending
node, and initial mean anomaly of the deputy corresponding to w3

be e3, i3, 25, and M3, respectively. Then the estimation value of
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Fig. 4 Relative orbits: - - - -, measured and —, calculated.
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Table 1 Measurement relative position coordinates of 30 points on actual relative orbit
Number x, km y, km z, km Number x, km y, km z, km Number x, km y, km z,km
1 —1.2942  2.2801 —1.0632 11 1.6553 0.7227 —8.2576 21 —0.0849 —3.3037 9.8032
2 —0.9587  2.8499 —3.5588 12 1.6933 0.1271 —6.7008 22 —0.4001 —3.2259 10.6897
3 —0.5929 3.2016 —5.8336 13 1.6344 —0.4930 —4.8995 23 —0.7024 —2.9679 11.1376
4 —0.2095 3.4104 —7.8215 14 1.5536 —1.1474 —2.9194 24 —1.0148 —2.6137 11.1095
5 0.2271 3.3943 —9.3456 15 1.4509 —1.6818 —0.8507 25 —1.3108 —2.1012 10.6184
6 0.6256 3.2869 —10.3920 16 1.2567 —2.1662 1.2542 26 —1.4514 —1.4654 9.6337
7 0.9291 2.9348 —10.8900 17 1.0466 —2.5778 3.3000 27 —1.6661 —0.7696 8.1054
8 1.1902 2.5104 —10.8956 18 0.8142 —2.9668 5.2909 28 —1.6892 0.0129 6.2274
9 1.4309 1.9657 —10.4439 19 0.5614 —3.1852 7.0888 29 —1.6700 0.8307 4.0050
10 1.5654 1.3727 —9.5389 20 0.2200 —3.3027 8.5877 30 —1.5311 1.6040 1.5276
02 T T elsewhere. From the simulation results, we can see that there is no
018 | error between the estimation and actual values of the differences of
eccentricity, inclination, and right ascension of the ascending node,
018 1 and the calculated errors of the differences of initial mean anomaly
® 014 J and argument of perigee are 0.0013 and —0.0015 deg, respectively.
_% Thus, the method presented in this paper is feasible.
s 012 J
£ o1 | Conclusions
?-' 008 | In this Note, the relationship between the relative orbit and the
g classical orbit elements of the deputy is presented, and a least-
2 oo6 g squares estimation method for estimation values of €25, i5, e;, and
M, is proposed on the assumption that the values of the deputy’s
0.04 : . . - .
argument of perigee and relative position coordinates of N (N >4)
002 1 different points on the actual orbit are given and the chief’s orbit
o= elements are known. Moreover, a searching algorithm that gives
0 50 100 160 searching value of the deputy’s argument of perigee is proposed.

Iterative time m

Fig. 5 [Iterative function values in iterative process.

the orbit element difference vector [Aa Ae Ai AQ Aw AM,]T can
be represented as

Aa a a 0

Ae* e el e — e

Ai* l'; i l.; — i

A | Tl el | - 33
Aw* w5 o) w5 — w

AM; M3, M M3y — M

Simulation Results

Let the orbit elements of the chief [a e; i} Qi w; My]" =
[2RE 0.1 60 deg 10 deg 6 deg O deg]”, where Ry is the radius
of the Earth. We select 30 different points of an actual relative orbit
in the LVLH coordinate frame, and the coordinates are listed in Ta-
ble 1. Let L =200, dw,; =0.0005 deg and g, =1 x 1074, By the
use of the approach presented in earlier sections, we can obtain
that [a ey iy Qy wy Myl =[2Rg 0.1001 60.05deg 10deg
5.9527deg 0.0485deg]” and [Aa Ae Ai AQ Aw AM,]" =
[0,0.0001 —0.05deg 0deg —0.0487 deg 0.0485 deg]”. The mea-
surement and calculated relative orbits are shown in Fig. 4. The
values of the iterative process function g in the iterative process are
shown in Fig. 5.

The differences between the orbit elements of the deputy
and that of the chief utilized to generate the relative position
coordinates are given as [Aa Ae Ai AQ Aw AMy]" = [0,
0.0001 —0.05deg 0deg —0.05deg 0.05 deg]”, and the measure-
ment relative position coordinates are the generated relative po-
sition coordinates with the measurement noise n;. Note that the
measurement noise n; € R> has the following statistical proper-
ties: E[n;] =05, and E[nkn,T] = 100I56;,;, where §;; is the Kro-
necker delta function, which is equal to unity for £k =/ and zero

Finally, the simulation results show that the method presented in
this paper can be utilized to determine the classical orbit element
differences between the chief and deputy. Because of the utilization
of the relative position coordinates, this approach can be used to
identify a satellite’s orbit elements using the intersatellite baseline
measurement device of another satellite.
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